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A NOTE ON THE GENERALIZATION OF THE KODAIRA EMBEDDING
THEOREM
CHAO LI, XI ZHANG AND QIZHI ZHAO
Abstract. In this paper, by using analytical methods we obtain a generalization of the
famous Kodaira embedding theorem.
1. Introduction
The famous Kodaira embedding theorem (see e.g. [2, §1.4]) asserts that any compact complex
manifold admitting a positive line bundle can be embedded to some projective space CPN . In
this paper, we consider a generalization associated with holomorphic fibration.
Theorem 1.1. Let f : X → Y be a non-singular holomorphic fibration with Y and all the fibers
being compact and connected. If there exists a line bundle L on X such that for any y ∈ Y ,
L|f−1(y) → f−1(y) is positive. Then we can find a holomorphic vector bundle piE : E → Y and
a holomorphic embedding j : X → P (E∗) satisfying f = piP (E∗) ◦ j, where piP (E∗) is the natural
projection from P (E∗) to Y .
In algebraic geometry, L is called f -ample or ample relative to f (see e.g. [3, §1.7]), and
one may give an analogous proof of Theorem 1.1. However, in this paper, we only give a proof
using analytical method.
We consider the following vector bundle in form
Ek =
⊔
p∈Y
H0(Lk|f−1(p), f−1(p)). (1.1)
where k ≥ 0. By choosing sufficiently large k, we can find a proper holomorphic structure
on Ek, and construct fiber-wise holomorphic embeddings following the proof of the Kodaria
embedding theorem. These fiber-wise embedding maps together form the required global one.
2. Looking back on the Kodaira embedding theorem
Let M be a compact complex manifold and L be a positive line bundle on M . We look back
to the construction of the embedding map from M to certain CPN in the proof of the Kodaira
embedding theorem.
For any k ≥ 0, let
Nk = dimH
0(Lk,M)− 1. (2.1)
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Since L is positive, when k is sufficiently large, Lk is generated by its global holomorphic
sections, i.e. for any p ∈ M and v ∈ Lk|p, there exist a global holomorphic section s of Lk,
such that s(p) = v. Let {s0, s1, · · · , sNk} be a basis of H0(Lk,M), then for any p ∈ M , some
si(p) is nonzero. By this fact, we can define a holomorphic map ϕk :M → CPNk by
ϕk(p) = [f0(p), f1(p), · · · , fNk(p)], (2.2)
where fie = si and e is an arbitrary nonzero local holomorphic section of L
k around p. ϕk is
well-defined, and it becomes an embedding when k is sufficiently large.
In fact this construction is “canonical” in some sense. Let V ∗k be the dual space ofH
0(Lk,M).
For any p ∈ M and any e∗ ∈ Lk|p \ {0}, e∗ determines a linear homogeneous function s∗e∗ on
H0(Lk,M), i.e. an element in V ∗k , by setting
s∗e∗(s) = e
∗(s(p)). (2.3)
If there exists an s ∈ H0(Lk,M) such that s(p) 6= 0, then s∗e∗ is nozero and determines an
element [e∗] = [s∗e∗ ] in P (V
∗
k )
∼= CPNk , which doesn’t depend on the choice of e∗ ∈ L−k|p \ {0}.
When Lk is generated by its global holomorphic sections, the map φk :M → P (V ∗k ) defined by
p 7→ [e∗] is well defined and holomorphic.
Using the basis {s0, s1, · · · , sNk} ofH0(Lk,M), we can define an isomorphism ρk : Vk → CPn
ρk([s
∗]) = [s∗(e0), s
∗(e1), · · · , s∗(eNk)]. (2.4)
One can check that ρ ◦ φk = ϕk, so φk and ϕk are essentially the same one.
Let f : X → Y and L be as in Theorem 1.1, and let Ek as mentioned in the introduction.
By the smoothness of the fibration and the compactness of Y , it is not difficult to prove that
dimEk|p is a constant and Ek admits a “natural” differential structure such that as a differential
sheaf
Ek ∼= f∗(OX/Y (Lk)), (2.5)
where OX/Y (Lk) is the sheaf generated by the smooth sections of Lk which are fiber-wisely
holomorphic. Moreover, for any p ∈ Y , when k is sufficiently large, Lk|f−1(p) is generated by
its global holomorphic sections and the canonical holomorphic map φk,p : f
−1(p)→ P ((Ek|p)∗)
is an embedding, equivalently Lk|f−1(p) is very ample. Later we will show that we can find a
uniform k such that all Lk|f−1(p) is very ample.
3. Extending global holomorphic sections on a fiber
Let f : X → Y and L be as in Theorem 1.1. As mentioned in the introduction, we set
Ek =
⊔
p∈Y
H0(Lk|f−1(p), f−1(p)). (3.1)
Defining a holomorphhic structure on some Ek is equivalent to defining proper holomorphic
sections of Ek. A natural way is to consider the sections which can be induced by holomorphic
sections of Lk. For any non-empty open set U ⊂ Y , we denote F (U,Ek) to be the set of sections
s of Ek on U satisfying
s(p) = s˜|f−1(p), ∀p ∈ U, (3.2)
for some s˜ ∈ Γ(f−1(U), Lk). In order that {F (U,Ek)} truly determines a holomorphic structure
on Ek, we only need to make sure that for any p ∈ Y and s ∈ H0(f−1(p), Lk|f−1(p)), s can be
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extended to a local holomorphic section of Lk on a neighborhood of f−1(p). In fact, the assign-
ment U 7→ F (U,Ek) corresponds to the coherent analytic sheaf f∗(Lk). When the mentioned
condition holds, we actually have Ek ∼= f∗(Lk).
The following lemma is due to Berndtsson.
Lemma 3.1 ([1, Theorem 8.1]). Let pi : M → U be a non-singular holomorphic fibration over
the unit ball U ⊂ Cn, with compact and connected fibers. Assume M is Ka¨hler and L is a semi-
positive line bundle over M . Then any s ∈ H0((L ⊗ KM/U )|pi−1(0), pi−1(0)) can be extended to
a local holomorphic section of L⊗KM/U on M . Consequently pi∗(L⊗KM/U ) is a holomorphic
vector bundle.
For our usage, we need the following lemma
Lemma 3.2. Let pi : M → N be a non-singular holomorphic fibration with compact and
connected fibers. And let L be a holomorphic line bundle over M whose restriction to any
fiber pi−1(p) (p ∈ N) is positive. If U is a domain on N satisfying that there exists a local
holomorphic chart {U˜ ; z1, · · · zn} such that U = {|z| ≤ 1}. Then there exists a k0 ≥ 1, such
that when k ≥ k0, for any q ∈ U , any s ∈ H0(Lk|pi−1(q), pi−1(q)) can be extended to a local
holomorphic section of Lk on a neighborhood of pi−1(q). Consequently pi∗(L
k) is a holomorphic
vector bundle over U .
Proof. First we show that over pi−1(U), L admits a Hermitian metric with positive curvature.
For any p ∈ N , L|pi−1(p) is positive, so we can find a smooth hp on L over a neighborhood of
pi−1(p), whose restriction to pi−1(p) admits positive curvature. By the smoothness of hp, we can
find an open neighborhood Up of p such that for any q ∈ Up the restriction of hp over pi−1(q)
admits positive curvature. Since U is compact, we can find finite many pi such that U ⊂
⋃
i
Upi .
Let {αi} be an partition of unity of U subject to {Upi}. We can define a Hermitian metric h
on L as
h =
∏
i
hαi◦pipi . (3.3)
One can easily check that for any q ∈ U the restriction of h over pi−1(q) admits positive curvature.
By the local holomorphic chart {U˜ ; z1, · · · zn}, the function φ = |z|2 satisfies √−1∂∂¯φ > 0
on U . Then it is easy to see, when K ≥ 0 is sufficiently large, the Hermitian metric he−Kφ◦f
over pi−1(U) admits positive curvature.
Since L|pi−1(U) admits a Hermitian metric with positive curvature, pi−1(U) is Ka¨hler. At the
same time, when k is sufficiently large, (Lk ⊗ K−1M/N )|pi−1(U) admits a Hermitian metric with
positive curvature. By applying Theorem 3.1, we can complete the proof. 
Back to Theorem 1.1, by Lemma 3.2 and the compactness of Y , when k is sufficiently large,
Ek admits a canonical holomorphic structure such that Ek ∼= pi∗(Lk).
4. Proof of Theorem 1.1
First, we fix some sufficiently large k0 such that for any k ≥ k0, Ek admits a canonical
holomorphic structure such that Ek ∼= pi∗(Lk).
For any p ∈ Y , since L|f−1(p) is positive, by the (proof of) the Kodaia embedding theorem,
when k is sufficiently large, the canonical map φk,p : f
−1(p) → P ((Ek|p)∗) is a well-defined
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embedding, equivalently Lk|f−1(p) is very ample. To complete the proof, we need to find a
uniform k ≥ k0 such that for any p ∈ Y , Lk|f−1(p) is very ample.
For any p ∈ Y , let kp ≥ k0 be an integer such that for any k ≥ kp, Lk|f−1(p) is very ample. Fix
a k ≥ kp, by the fact Ek ∼= f∗(Lk), we can find an open neighborhood Uk,p of p, and local holo-
morphic sections e0, e1, · · · , eNk such that for any q ∈ Uk,p, {e0|f−1(q), e1|f−1(q), · · · , eNk |f−1(q)}
is a basis of Ek|q ∼= H0(f−1(q), Lk|f−1(q)). By the smoothness of e0, e1, · · · , eNk , for any q
in a certain smaller open neighborhood U ′k,p, e0|f−1(q), e1|f−1(q), · · · , eNk |f−1(q) have no com-
mon zeros so the canonical map φk,q is well-defined. Further, all φk,q (q ∈ U ′k,p) forms
a holomorphic map φk : f
−1(U ′k,p) → P (E∗k). We have the following trivialization map
ρk,p : P (E
∗
k)|U ′k,p → U ′k,p × CPNk
ρk,p(s
∗) = (pik(s
∗), [s∗(e0), s
∗(e1), · · · , s∗(eNk)]), (4.1)
where pik : P (E
∗
k)|U ′k,p → U ′k,p is the natural projection. Then we have the following expression
for φk
ρk,p ◦ φk(x) = (pik(l∗), [l∗(e0), l∗(e1), · · · , l∗(eNk)]), (4.2)
where l∗ is an arbitrary nonzero local holomorphic section of L∗|f−1(U ′
k,p
). By this expression it
is easy to check that φk is holomorphic. The fact that φk,p is an embedding implies that for any
q in a certain even smaller open neighborhood U ′′k,p, φk,q is also an embedding. Consequently
φk is an embedding on f
−1(U ′′k,p).
Let p, kp and U
′′
k,p be as above, we set Vp =
⋂2kp−1
k=kp
U ′′k,p. Then for any k = kp, kp+1, · · · , 2kp−1,
and q ∈ Vp, Lk|f−1(q) is very ample. By the following Corollary 4.2, for any k ≥ kp and q ∈ Vp,
Lk|f−1(q) is very ample.
Lemma 4.1. Let M be a compact complex manifold. If L1 →M is a very ample line bundle,
and L2 → M is a holomorphic line bundle which is globally generated. Then L1 ⊗ L2 is very
ample.
Corollary 4.2. Let L→M be an ample line bundle over a compact complex manifold. If there
exits a k0 ≥ 0, such that Lk is very ample for k = k0, k0+1, · · · , 2k0−1. Then Lk is very ample
for all k ≥ k0.
Another way to find kp and Vp with similar properties is to extend the origin proof of Kodaira
embedding theorem to a family setting. We omit the detailed argument here.
By the above argument and the compactness of Y , we can easily find a uniform integer
k1 ≥ k0, such that for all k ≥ k1 and p ∈ X , Lk|f−1(p) is very ample. Consequently the
canonical map φk : X → P (E∗k) is a well-defined embedding. This concludes the proof.
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